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Abstract 

We prove a conjecture of Artur Elezi [4] in a generalized form 
suggested by Givental [5]. Namely, our main result relates genus-0 
Gromov-Witten invariants of a bundle space with such invariants of 
the base, provided that the fiber is a toric manifold. When the base 
is the point, a new proof of mirror theorems by A. Givental [6] and H. 
Iritani [9] for toric manifolds is obtained. 



1 Formulations 

1.1. Genus-0 Gromov-Witten invariants. Given a compact (almost) 
Kahler manifold M, its genus-0 descendant potential is defined as: 



oo s~\D r n oo 

n=0 D&MC J l M 0,nM a= i k=0 



Here Mq^d stands for the moduli space of degree-/} stable maps to M of 
genus-0 holomorphic curves with n marked points, [Mo^d] ~ its virtual 
fundamental class, MC — the Mori cone of M, i.e. the semigroup of classes in 
the lattice H 2 (M) representable by compact holomorphic curves, Q D — the 
element in the Novikov ring (i.e. a power-series completion of the semigroup 
algebra of the Mori cone) representing the degree D e MC of the stable 
maps, ip a — the 1st Chern class of the line bundle over Mq >U)D formed by 
cotangent lines to the holomorphic curves at the a-th marked point, ev a - 
the map M Qtn £, — > M denned by the evaluation of stable maps at the a- 
th marked point, t^ e H*(M, Q), k = 0, 1, 2, . . . , — arbitrary cohomology 
classes of the target manifold M with coefficients in a suitable ground ring Q 
(for the moment let it be the rational Novikov ring Q[[MC]]). The explicit 
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inclusion of Novikov's variables into the definition of the potential turns out 
to be redundant due to the so-called divisor equation (see 5.1). 

Following [7, 3] , one associates to Tm a Lagrangian cone Cm in a symplec- 
tic loop space (7i,Q). Let H denote the cohomology space H*(M, Q), (•, •) 
the Poincare pairing on H, and 1 G H the unit element. Take H := H((l/z)). 
It consists of Laurent series in one indeterminate 1/z with vector coefficients. 
Equip 7i with a Q-valued non-degenerate symplectic form 



The subspaces 7i + := H[z] and 7i_ := z -1 // [[z -1 ]] form a Lagrangian 
polarization of (7i,fl), which identifies 7i with T*7i + . To a point q = 
qo + qiz + q 2 z 2 + ■ ■ ■ G Tl+, associate a sequence t = (t ,ti,t 2 , . . . ) of elements 
t k G H*(X, Q) according to the dilaton shift convention: 



Define a Lagrangian section Cm as the graph of the differential of Tm at the 
dilaton-shifted point: 



According to general theory of genus-0 Gromov-Witten invariants, the sec- 
tion Cm considered as a sub manifold in (7i,Q) is (a germ at a dilaton-shifted 
point of) an overruled Lagrangian cone with the vertex at the origin. Here 
being overruled means that each tangent space T to Cm is tangent to Cm 
exactly along the subspace zT (see [3, 7]). This property is invariant under 
the action of the twisted loop group L^GL(H). By definition, it consists 
of those invertible Laurent series W(z) with values in End(iJ) which pre- 
serve the symplectic form f2 (i.e. satisfy W*(— z)W(z) = 1, where * means 
"adjoint" with respect to the Poincare pairing). 

An overruled Lagrangian cone Cm C (Tl, fl) is determined by its intersec- 
tion (known as the J-function) with the subspace — lz + zli,-. More precisely, 
the J-function r i— > J(z, r) is defined as a Laurent 1/z-series with coefficients 
in H depending on r G H and characterized by the property: 




t + hz + t 2 z 2 H = lz + q + qiz + q 2 z 2 H . 



Cm ■= {(p, q) e T*H+\p = dtF M }- 



J(-z,t) 
Explicitly, for any <fi G H, 



1z + t + 0(1/z) G C M . 



(J(^,r),0) = (l,0)^ + (r,0) + ^\ 




ev*(r)---ev;(r) 



evn+i(0) 
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Barannikov [1], in a mirror context, constructed a function whose values 
are obtained as the single intersection points of semi- infinite subspaces in a 
space of Laurent- series. 

1.2. Toric fibrations. Kahler toric manifolds can be obtained by sym- 
plectic reduction from linear spaces. 

Let a torus T N act by diagonal unitary transformations on the Hermi- 
tian space C^. Denote by fi : C N — > M. N := Lie*(T N ) the moment map 
of this action, fx(zi, . . . , zn) = (l-^il 2 ; • • • , kiv| 2 )- Let a torus T K be embed- 
ded as a subtorus T K C T N . The moment map C N — > M. K := Lie*(T K ) 
is the composition of /j, with the projection R N — > IR^" dual to the embed- 
ding LieT^- C LieT^ of the Lie algebras. We denote by m = (rriij\i = 
1, . . . , K, j = 1, . . . , N) the integer K x iV-matrix of this projection. Ap- 
plying symplectic reduction over a chosen value uj of the moment map, we 
obtain a symplectic toric variety X = C N j /JT K . Since the actions of T N 
and T K on commute, X carries a canonical action of T N . 

We will assume that X is non-singular and compact. In fact any com- 
pact Kahler toric manifold X of dimension N — K can be obtained by such 
reduction, with M, K canonically identified with H 2 (X,M). The T^-fibration 
(m o yu) _1 (c<j) — > X endows X with K tautological T^-equivariant line bun- 
dles, whose 1st Chern classes we denote by —pi, . . . , — Pk- They represent a 
basis in R K of integer lattice vectors, and generate the algebra H* (X) . 

Let B be any Kahler manifold, Li, . . . , Ljy line bundles over B, and Aj = 
Ci(L*), j — 1, • • • , N. In the vector bundle ®Lj with the structure group 
T N , replace the fiber with the toric T^-space X. We obtain a toric fibration 
7r : E — > B of Kahler manifolds. It carries a canonical fiberwise action of 
T N . The total space E is endowed with K tautological line bundles whose 
1st Chern classes we denote by —Pi, . . . , —Pk- They restrict to the fibers to 
—pi, . . . , — Pk, and generate H*(E) as an algebra over H*(B). 

To a degree T> e H2{E) of holomorphic curves in i?, we associate the 
degree D := 7r*(D) G H 2 {B) of its projection to the base, and the degrees 
di := Pi(T>), % — 1, . . . , K, with respect to the classes Pi. In the Novikov ring 
of E, we will represent V by the monomial q d Q D , where q d = qf 1 • • • q^ , and 
qd re p resen ts D in the Novikov ring of B. 

In the formulation below we use the following notation: 
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K K 



t = (t 1 ,...,t K ), pt = j2 p itii dt = j2 d ^ 

i=i i=i 



1=1 1=1 
1.3. Main results. 

Theorem 1 . Decompose the J-function of the overruled Lagrangian cone 
Lb, corresponding to the base B of a toric fibration E — > B, according to the 
degrees of curves: 

J(z,r)= Jd(z,t)Q d , 

DeMC(B) 

and introduce the hypergeometric modification 

I E (z,t,r,q,Q).= e ^ , U Ui(V) (U- + mz) 

deZ K ,D£MC(B) llj=l llm=l \ U J + '' tz J 

T/ien /or all (t,r), the series I E (—z) lies in the overruled Lagrangian cone 
Ce corresponding to the total space E. 

The products in the denominator are interpreted as ratios of the values 
of the Gamma-function: 

n n 

Y[{U + mz):= Y[ {U + mz) / JJ (U + mz). 

m=l m=—oo m=—oo 

Thus, when n < 0, we obtain a product in the numerator instead. 

In the special case when E = proj (®jLj) is a projective fibration over 
B, the algebra H*(E) is generated over H*(B) by one generator P satisfying 
the relation (P - A±) ■ ■ ■ (P - A N ) = 0. 

Corollary 1. The overruled Lagrangian cone C E of the projective fibra- 
tion contains I{—z), where 



q d e dt 

DizMC(B) ./ I I; I 1 \m 1 \P ~ Aj + Uiz) 



I(z,t,T,q,Q):=e pt / z £ J D (z,r)Q D J2 
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Note that the summation range d e Z actually reduces to d > min., Aj(Z?) 
since otherwise the numerator contains Y[j(P~-^j) = 0- We will see later that 
a similar phenomenon takes place in the situation of general toric fibrations. 
As a result, the effective summation range in the series Ie stays within the 
Mori cone of E. 

Corollary 2 (Elezi's conjecture [4]). Taking A 1 = 0, and assuming that 
all L* and Ci(Tb) — Aj are nef, we have: I = z + r + Pt + 0(z~ l ), i.e. 
the series I represents the J-function of the projective fibration E — > B at 
the points r + Pt E H*(E, Q). 

When B = pt, we have Jb = ze T l z ' , leading to Iritani's mirror theorem 
for arbitrary toric manifolds. 

Corollary 3 (Iritani's theorem [9].) For all values of (r,t), the series 
Ix{—z), where 

E d dt 
~Tr > 
„ nf=in£=? mw G^-+^) 

lies on the overruled Lagrangian cone Cx of the toric manifold X . 

Corollary 4 (Givental's theorem [6]). When the toric manifold X is 
Fano, then the series I x represents the J-function of X at the points r@Pt G 
H\X)®H\X). 

1.4. Remarks. 

Although the results are stated above in the setting of Kahler manifolds, 
they extend without complications to the general setting of symplectic toric 
fibrations and almost Kahler structures. 

Furthermore, in all formulations one may assume that cohomology groups 
are equivariant with respect to the fiberwise action of the torus T N on the 
toric fibration E — > B. Respectively, all Gromov-Witten invariants become 
equivariant, taking values in the coefficient ring H*(BT N , Q) = Q[Ai, . . . , A^] 
of the equivariant cohomology theory. In this case, the classes Pj and Aj 
are understood as T^-equivariant 1st Chern classes of the respective line 
bundles, and are invertible in the field of fractions of the coefficient ring. In 
fact Theorem 1 follows in the limit A = from its equivariant counterpart. 

To prove the equivariant version of Theorem 1, we will first show in 
Section 2 that the equivariant counterpart of the overruled Lagrangian cone 
Ce is the solution set of a certain recursion relation. This is an unpublished 
result of A. Givental, and an easy special case of the general fixed point 
localization formula for Gromov-Witten invariants in the case of non-isolated 
fixed points [2]. 
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Cohomology classes entering in the definition of Ie have equivariant coun- 
terparts, so we may consider Ie as taking values in equivariant cohomology. 
The equivariant version of the hypergeometric modification series Ie has es- 
sential singularity at z = and simple poles at z ^ 0. To prove that the 
series satisfies the recursion relation, one needs to show that: (i) applying a 
certain linear transformation removes the essential singularity at z — 0, and 
(ii) residues at the simple poles are controlled recursively. In Section 3, we 
show (ii) by decomposing terms of the series Ie into elementary fractions in a 
straightforward way. The task (i) relies on properties of oscillating integrals 
arising in mirror theory. It is accomplished in Section 5 in a way resembling 
the proof [3] of Quantum Lefschetz Theorem. This is preceded by a general 
discussion in Section 4 of asymptotics of oscillating integrals. 

2 Localization 

2.1. Fixed sections. Let X = C N // U1 T K be a compact toric manifold as 
in 1.2. For X to be non-singular, it is necessary that uo E R K is a regular 
value of the moment map m o ji. The image of the moment map is a picture 
of the 1st orthant "drawn" (by means of the projection m) in M. K . The 
fiber m _1 (a;) C IR+ is the momentum polyhedron of the torus T N /T K action 
on X. The vertices of the momentum polyhedron represent fixed points of 
the torus action on X. Each vertex corresponds to a K- dimensional face 
of the 1st orthant whose picture contains u. We will label the fixed point 
by the multi-index a — {ji < • • • < jx} specifying the coordinates of the 
corresponding K- dimensional face. 1 

Consider now a toric fibration tt : E — ^ B with the fiber X (as in 1.2). 
Fixed points of the torus T := T N acting fiberwise on E form sections 
a : B — > E, one for each fixed point a E X T of the torus action on the fiber. 
Torus-equivariant intersection theory on the total space E of the fibration 
can be completely characterized in terms of intersection theory on the base 
B by the following elegant residue formula describing (via fixed point local- 
ization) the push-forward to H^(B) = H*(B, H*(BT N )) of a T^-equivariant 

1 Pictures in R K = H 2 (X,M.) of such if -dimensional faces contain, together with u, its 
connected component K. in the regular value locus of the moment map. JC coincides with 
the Kahlcr cone of X. 
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cohomology class / G H^(B)[Pi, . . . , P K \. 

f V" r f/px dP 1 A---AdP K 

The factors C/j = ^ f Pirriij—Aj, j — 1, . . . , N, can be interpreted as Poincare- 
duals of the torus-invariant divisors represented by hyperplane faces of the 
momentum polyhedron m _1 (c<j). Here Res a refers to the residue of the in- 
form at the pole Uj 1 = ■ ■ ■ = Uj K = corresponding to the fixed point 
a = {ji, . . . i-e. at the point P = P a determined by 



E 



Pfrriij = Aj, Vj ea. 



The formula for the push-forward uses the wedge product symbol in a non- 
standard way. Namely, write 

dP\ A • • • A dPk , rr 
dPi A ■ ■ ■ A m = dUjiA ,.. Adu J U n A ... A iU JK 

where the ratio of K- forms is equal to det~ 1 (m i j s ), which is ±1 for smooth 
toric fibers. The wedge symbol, as it is used in the formula for the push- 
forward, is an instruction to compute residue integrals with the dP^s re- 
ordered according to the exterior algebra so as to offset this sign. 

We note that: (i) the normal bundle to the fixed point section a is the 
sum of iV — K line bundles with the 1st Chern classes 

a*Uj = Pi m ij — Aj, where j '• a, 

i 

and (ii) a point D e MC(B), lifted to E by this section, is represented in 
the Novikov ring of E by the monomial Q D q pa<yD ^ = Q D qi 1 ^ • • • q^ K ^ D ' '. 

2.2. The cone Ce- The overruled Lagrangian cone Ce in the torus- 
equivariant genus-0 Gromov-Witten theory of the total space E of the toric 
fibration lies in the appropriate symplectic loop space (H,Vi). The space is 
actually a module over the ground ring Q, which we currently take to be 
the Novikov ring of E tensored with the field of fractions Q(A) of H*(BT N ). 
Pending further completions, TL consists of Laurent series ml/z with coeffi- 
cients in H = H*(E, Q). A point in the cone can be written as 



F(-z, t) = -lz + t(z) + V ^(evO, 



-. n+l 
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where (evi)* denotes the virtual push-forward by the evaluation map evi : 
Eo,n+i,v —> E, and t(z) = Y^k=o^k zk is a polynomial with arbitrary coeffi- 
cients tk G H. 

Denote by F Q := a*F restrictions of F (considered as a cohomology class 
of E) to the fixed point sections a. The series F a lie in the space of Laurent 
series in \jz with coefficients in H*(B, Q). In terms of the push-forwards 
a* : H*(B,Q) — > H*(E, Q) by the sections and their normal Euler classes 
e a , we have: 

F = E a * (^Pl > where e = U u j( pa )- 

2.3. Twisted Gromov— Witten invariants. Consider the base B of 
the toric fibration embedded in the total space E as a fixed section a : 
B — > E. Torus-equivariant Gromov-Witten invariants of a neighborhood of 
this section can be defined via fixed point localization as certain intersection 
indices in moduli spaces of stable maps to the fixed locus a (B). They coincide 
with such invariants of B twisted (in the sense of [3]) by the normal bundle N a 
of the fixed section in E. More specifically, the genus-0 descendant potential 
of the twisted theory is defined by the formula: 2 

QD P a (D) p n oo 

Fb,n* := £ ^ / Euler-\N^ D ) \{ £ ev^M. 

n,D " A B o,n,D\ a=l fc=0 

Here Euler is the inverse T-equivariant Euler class of complex vector 
bundles 3 , and iV a nD := (ft n+ i)*ev* +1 iV a denotes the virtual vector bun- 
dle over -Bo,n,r> obtained as the K-theoretic push-forward along the family of 
curves ft n+i : B Q n+ i D — > B n D of the bundle N a pulled-back from B by 
ev n+ i : -Bo,n+i,D — > B. 

Let C a be the overruled Lagrangian cone corresponding to the twisted 
theory. The cone lies in the symplectic loop space (H a , Q a ) constructed 
using the twisted Poincare pairing (a, b) a = f B Euler' 1 (N a )ab on H a : = 
H*(B, Q). Let T denote a tangent space to the cone C a at a point f. The 
same space T is tangent to C a everywhere along zT. Let —z + u a + 0(1/ z) 
be the point of the J-function of this cone that lies in zT. Here u a depends 
on f G C a , and is an element of H a . 

2 Here Q D q p ^ represents degree- D curves of B considered as curves in a(B) C E. 
3 In [3], twisting by arbitrary invertible multiplicative characteristic classes is allowed. 
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To each vector w G H a , associate the vector in T that projects to w along 
7i°L. The operator thus defined is an element of the loop group LGL(H a ), 
and is represented by an operator Laurent series of the form 1 + 0(1/ z). The 
inverse element, which we denote by S u a(—z), is characterized as the operator 
l/z-series which transforms T to H+. From the fact that T is Lagrangian, 
it follows that S* a (z)S u c(— z) = 1 (i.e. S u a lies in the twisted loop group). 
We conclude that for every point f G C a there exists a unique u a G H a such 
that S ua f G zH%. 

2.4. Fixed stable maps. The general description of genus stable 
maps E — > M whose equivalence class is fixed by the action of a torus T 
on the target space goes back to Kontsevich's work [10]. According to it, 
each irreducible component of the curve E must be mapped onto an orbit 
of dimension or 1 of the complexified torus C T. A 1-dimensional orbit is 
a projective line connecting two 0-dimensional orbits (i.e. fixed points). An 
irreducible component of £ mapped onto such orbit with degree k must have 
ramifications of degree k over the fixed points. We will call such irreducible 
components legs (of multiplicity k). Removing all legs from £ leaves a forest 
of rational curves mapped to the fixed point locus M T in the target space. 
Integration over fixed point components in the moduli spaces of stable maps 
reduces therefore to evaluation of certain twisted Gromov-Witten invariants 
of M T . 

In our situation, 1-dimensional orbits of the torus C T in the toric man- 
ifold X correspond to edges of the momentum polyhedron. If two vertices 
of the polyhedron are connected by an edge, then there is exactly one 1- 
dimensional orbit connecting two corresponding fixed points (say, a and (3) 
in X. Respectively, each fiber of the toric fibration E — > B contains a copy 
of this 1-dimensional orbit, connecting the fixed point sections a and (3. 

Two fixed points a and (3 are connected by a 1-dimensional orbit exactly 
when the union a U (3 of the multi-indices a and (3 has cardinality k + 1. The 
orbit itself is a toric CP 1 = C k+1 / / u) T k obtained by symplectic reduction 
from the face of the 1st orthant whose coordinates have indices from a Li (3. 
From this, one can easily derive the following relations (see [6]). Denote by 
j±(ct,(3) the indices such that j + (a,(3) G (3 — a, and j_(a,/3) G a — (3, by 
Xa,p the equivariant 1-st Chern class of the line bundle over B formed by the 
tangent lines to the 1-dimensional orbit at the fixed points a, and by d a ^ the 
degree of the 1-dimensional orbit as a rational curve in the fiber X. Then for 
a given fixed point a, any index j + ^ a can play the role of /3), while 
(3 and j_(a,(3) are uniquely determined by it. By fixed point localization on 
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CP 1 , we find: 



pa _ p/3 a *TJ._p*TJ. 

d a ,p = , Uj(d a ,p) = , 

Xa,/3 Xa,P 

where Xa,p = a*U j+ ^p) = -P*Uj_( a ,p) It follows that 

U j±{a ,p){d a ,p) = 1 and V j e a n (3, a*Uj = (3*Uj = 0, Uj(d a , p ) = 0. 

2.5. Recursion. In general, the value of a T-equivariant cohomology 
class / on the invariant fundamental class of a manifold (or orbifold) M is 
computed as 

m Jmt Euler T {Ny 

where % : M T — > M is the embedding of the fixed point locus, M is the 
normal bundle to M T in M, and EuIctt is the T-equivariant Euler class. 
The use of fixed point localization in application to integrals over virtual 
fundamental classes of moduli spaces of stable maps has been justified by 
Graber-Pandharipande [8]. Our nearest goal is to characterize points of the 
cone Ce by a recursion relation which comes from fixed point localization in 
moduli spaces -Eo,n+2,x>- 

Let F G Ce and F a := a*F, i.e. 



[—z, t) — —lz + a*t(z) + a* 



Q D q d 



n.D.d 



CVi 



-, n+1 



^ r 2 



We evaluate the sum via fixed point localization, and notice first of all, that 
a torus-fixed stable map £ — > E does not contribute to F a unless the 1st 
marked point lands in the fixed section a. When it does, there are two 
possibilities: the marked point can belong to a leg (see 2.4), or to a tree 
C C £ of rational components mapped to the locus a(B) C E of the fixed 
point section a : B — > P. 

Examine the first possibility. The leg carrying the 1st marked point is 
a ramified cover of multiplicity k > of a 1-dimensional orbit of the torus 
C T which lies in a fiber X of the toric fibration E — > 5, connects the fixed 
point ct with another fixed point /3, and has the degree d at p considered as 
a curve in X. Contributions of all stable maps of this type to F a via fixed 
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point localization can be represented in the form: 4 



EE 



e k>o H-z + Xa,p/k) ' k 

Here the factor —z + x a ,p/k is the specialization of —z — ipi to the fixed point 
component (namely, —Xa,p/k is the equivariant 1st Chern class of the line 
bundle over B formed by the cotangent lines to the leg at the 1st marked 
point). The symbol H a ,p{k) denotes the virtual bundle over B whose fibers 
describe deformation modes of the 1st leg (in the direction normal to the 
fixed point locus in the moduli spaces of stable maps to E) . The occurrence 
of the Euler class of this bundle in the denominator is due to the general 
structure of localization formulas. One can easily compute this Euler class 
explicitly: 

fe-l kUj{d at p) 

Euler T {N a Ak)) = U (a*U M) - m*f) ]J f[ {a*U 3 - m^f). 

m=l jdp m=l 

The normal bundle to the fixed point locus in the moduli space contains the 
smoothing mode of the curve E at the node where the leg and the rest of the 
curve, E', connect. This is a line bundle with the 1st Chern class —ip—Xa,f3/k, 
where ip is the 1st Chern class of the universal cotangent line bundle to the 
curves E' at the node. Considering the node as the 1st marked point of the 
curve E', we can therefore represent the sum of all contributions of moduli 
spaces of curves E' as F /3 (— Xa,p/k). The extra factor k in the denominator is 
due to the cyclic symmetry of order k of the leg, which affects the orbifold's 
fundamental class this way. 
Now put 

p k>o K{-z + x a ,p/K) ft 

and examine the second possibility, when the 1st marked point of the curve 
E lies on a tree C mapped to a(B). Fixed point components of the moduli 
spaces of stable maps to E are products of moduli spaces of stable maps to 
the fixed point sections, and such moduli of the maps C — > et(B) is one of 



'Here and later /3 = where j + runs all indices not in a, as explained in 2.4. 
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the factors. Integrating over this factor last, we represent the contribution 
of each fixed point component as a genus-0 Gromov-Witten invariant of B 
twisted by the normal bundle N a . Among the marked points of the curves 
C, one is the 1st marked point of S; it carries the input l/(—z — ipi). Every 
other marked point could be either a marked point of S which happens to 
lie in C, or a node where a connected component of S — C is attached to 
C by a leg. The input at the marked point of this is obtained by adding 
to a*t(ipi), (i > 1) the sum of fixed point localization contributions over all 
possibilities for the connected component of £ — C. The total input coincides 
with what is denoted above by t a (?/>«)• Thus we have: 

F a (-z) = -z + t a (z) + 

n+1 



n,D 



Evler T \J\r 0jn + liD )_ JJja^,. 



* , 2 



where (evi)* is the push-forward in the iV a -twisted Gromov-Witten theory 
B by the map evi : -Bo,n+i,D - ► B. We conclude that F a ( — z) lies in the over- 
ruled Lagrangian cone C a of the twisted Gromov-Witten theory ofa(B) C E. 

Let us examine analytical properties of the expression for F Q as a function 
of z. Since the class ipi in the sum is nilpotent, each summand with a fixed 
D and n is polynomial in 1/z. When D is fixed, but n grows, the degree 
of the polynomial can grow too. In fact, employing dimensional arguments 
and the string equation, one can see that for a fixed D the sum over n is 
a finite linear combination of functions of the form z~ k e c / z with positive k 
and non-zero constant c. Thus the whole sum is a Q-series whose coefficients 
are meromorphic functions with essential singularities at z = and no other 
singularities (including z = oo). The term t a (z), in the contrary, is a g-series, 
whose coefficients have simple poles at z — Xa,/3 1 k, and (from the summand 
a*t(z)) a pole at z = oo of any order > 0. Thus, F a (z) are power series in 
the Novikov variables Q, q which have coefficients meromorphic in z, with an 
essential singularity at z = 0, finite order pole at z = oo and simple poles at 
z = —Xa,p/k, such that the residues at the simple poles satisfy the recursion 
relation: 

Res 2 _ x.,, F a (z) dkz = - - qM ^ r -— F"(-^£). 
z ~ — — w Euler T (M a ,f3{k)) v k ' 

Note that each elementary fraction (z + Xa^/k)^ 1 can be expanded into 
a Laurent series in two ways: inside or outside the circle \z\ = \Xa,p\/k. 
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Expanding all the elementary fractions as l/z-series renders F a (— z) as a 
Laurent series in 1/z in a way it occurs as a component of F(—z) G Ce- Ex- 
panding all the elementary fractions as z-series renders F a ( Laurent 
series in 1/z in another way, namely the way it occurs as a point on the cone 
C a . Note that the polynomial truncation t a = [F a (z)] + of the latter Laurent 
series lies not in H a [z] per se, but in a certain completion of it. Namely it 
is a power series in 1/Xafi with coefficients polynomial in z, or equivalently 
becomes a polynomial in z when reduced modulo any power of 1/xafi- We 
will subsequently assume that the ground ring is suitably localized to include 
inverse powers of Xafi, and that C a C H a refers to the cone of the twisted 
Gromov-Witten theory thus completed. With these interpretations in mind, 
we state the result of this section. 

Theorem 2. Points {F Q (— z)} of the overruled Lagrangian cone Ce are 
characterized by the following conditions: 

(i) F a (-z) G C a , 

(ii) F a are power series in the Novikov variables Q,q whose coefficients 
are analytic functions of z with essential singularities at z = 0, finite order 
poles at z = oo, simple poles at z = Xafi/k, k = 1,2,3, ... , and such that 
the residues at the simple poles satisfy the recursion relations: 



Res^_ x.,, F a (z) dkz = - - q -—. -— F^(-^' 
z ~ — — w Euler T (N a fi{k)) v k 



where 



k-l kUj(d, 

EulerriM^)) = I] («*^ + («,« " '"^T 2 ) I! II. 



x f)n n («^ -™^f: 

m=l j£f3 m=l 



We have established that every point on Ce satisfies (i) and (ii). Let us 
prove now that if series {F a } satisfy these conditions, then they represent 
a point in Ce- Indeed, since F a (— z) G C a , there exists a unique u a G H a 
such that G a (z) := S ua (-z)F a (z) G zH% (see 2.3). Combining this with the 
property (ii), we conclude that as a function of z, G a satisfies the following 
recursion relation: 



(*) G a (z) = q a (z) + 



. Xa fi,q kd ^Euler^{M a ,p{k)) 

— ] kzTxZ, A ~ } ( "IT- 
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where q a are (Q, g)-series with coefficients polynomial in z. Indeed, for m > 
0, 



z -m 



-x a ,d/ky m = 1 



kz + Xa,/3 Z' 

Since S u a(—z) = 1 + 0(1/ z) is a l/z-series, we see that the difference between 
G a (z) and the R.H.S. of the recursion relation is 0(1/ z), and hence vanishes, 
because both sides lie in H". 

Given arbitrary {q a }, and {u a }, a solution {G a } to the system of recur- 
sion relations (*) is computed by successive g-adic approximations, and is 
therefore unique. The set of corresponding F" G C a is reconstructed by the 
application of S~}(—z). In particular, a*t(z) are related to q a (z) by 

z + a *t(-z) = [s£(-z)f(z)] + . 

It remains to show that the values {u a } are unambiguously determined by 
{a*t} in view of the additional constraint that G a G zH+ (rather than H+). 
Indeed, if such uniqueness is established, we conclude that {F a } coincide 
with the components of the point F on the cone Ce which corresponds to 
the Gromov-Witten invariants of E with the inputs t at the marked points. 

To verify the required uniqueness, consider first the same problem clas- 
sically, i.e. modulo Novikov variables Q and q. Then recursion relation (*) 
degenerates into G a = q a , the S-matrices turn into S u a(— z) = e~ ua l z (where 
u a G H), so that we have: 

<f(-z) = [e" a ''(-z + art(z))] + . 

The additional constraints q a (0) = assume the same form of the universal 
fixed point equation 

where t m are coefficients of a*t = J2t m z m . The fixed point equation has 
a unique formal solution u = u(t , ti, t 2 , ■ ■ ■ ) on the space of polynomials. 
Using the formal Inverse Function Theorem, we conclude that the values 
of u a can be uniquely found by successive (Q, g)-adic approximations from 
the relations between {«*£} and {q a }, the recursion relations (*), and the 
additional constraints G Q G zTL°i. 
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3 Recursion 



To prove the equivariant version of Theorem 1, it suffices to show that F = Ie 
satisfies conditions (i) and (ii) of Theorem 2. The hyper geometric modifica- 
tion Ie is a (q, <3)-series whose coefficients have simple poles at z — —a*Uj/k, 
finite order poles at z = oo, and essential singularities at z — 0. Thus we 
need to show that: (i) q*Ie G £ a , and (ii) residues at the simple poles satisfy 
the recursion relation of Theorem 2. We postpone (i) until Section 5, and 
deal with (ii) here by computing the residues explicitly. 
We have: 

J D (z,r)Q D q d, e d,t 



F«(z) :=a*I E (z) = e pat / z Yl E 



d ^ wU n£? m ^ {D) {^u 3 + mz) 

It will be convenient to put di :— d\ — P"(D), and use that 

P i a (D)m tJ - A 3 (D) = a*Uj(D)(= Vj G a), 

i 

to obtain: 

v a ( 7 ) = P pat / z i )i e e 

We see that if < for some j e a, then the term contains a factor 

(0z) in the numerator. Thus, the effective summation range is over those d 
for which Uj(d) > for all j G a. For each fixed point a, this range lies 
in the Mori cone of the fiber X of our toric fibration (because the Kahler 
cone of X lies in the simplicial cone spanned by {Uj\j G a}). Since the 
monomials Q D q pa ^ represent degrees of holomorphic curves in the fixed 
section a : B — > E, we conclude that all series a*Is are supported in the 
Mori cone of E. The same remains true for the non-equivariant limit of Ie 
(as we promised in 1.3). 

Non-zero poles of F a correspond to the choice of a factor a*Uj + kz with 
j ^ a and k > 0. Given a choice, we put a U [3 = a U {j}. As we mentioned 
in 2.4, this determines /3, d ayj 3, and j±(a, (3) such that (3) = j. To single 
out the contribution of the elementary fraction (a*Uj + r a m + kz)' 1 , we need 
to evaluate all other factors of the product at z — —a*Uj + ^ a ^/k = ~Xa,p/k. 
Recalling from 2.4 that 

a*U j -kU j (d ^)^- = P*U j , 
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we find: 5 

Uj(d)+a*Uj(D) 

For j^qUA {I (a*Uj - m^-) = 

m=l 

kUj(d a p) U 3 {d-kd a g)+a*Uj(D) 

m=l m=l 

Uj{d) 

for j](-ro*^) = 

m=l 

Uj{kd al3 ) U 3 (d-kd a l3 )+a*U j (D) 

m=l m=l 
£/j(d)+a*£/j(.D) 

for j = j+(a,/3), Yl {a*Uj-m^^) = 

m=l,^k 

k- 1 Uj (d-kd ail3 )+a* Uj (D)-/3* Uj (D) 

n(a*^ M )-m^) x n 

m=l m=l 

t/j (d) l/j (d-fcd ai/3 )+a* C/j Uj (D) 

forjean/3, n(- m ^) = lx II ( " m ^f : 

m=l m=l 



P a tk 

exp ( ) exp(cit)exp(P a ( J D)t) 



(QV* (D V = q kd ^ x (QV" P) ) /-^.^Cd)-^), 
P a tk 

Xa,f3 

( P@tk\ 

1 x exp exp \{d- kd af3 + P a {D) -P p {D))t] exp(P^(D)t). 

In the last equality we use (P a — P^)/xa,p — d a ,p from 2.4. 

Factors on the R.H.S. which come before the multiplication sign "x" 
form the recursion coefficients q kda ^ Euler^ 1 (J\f a ,p(k)) ■ Factors which come 
after the multiplication sign form the term of the series evaluated at 
z = —Xa,p/k and with the summation index d replaced with d — kd a ^ + 
P a (D) — pP(D). Reversing this change in the summation index, we conclude 



5 Let us remind ourselves that we are using the analytic continuation convention 

n» •= n™ /n° 

llm-l ' 11m- — oo / 11m- — oo' 
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that 



as required. 



4 Asymptotics 

4.1. Stationary phase asymptotics. We discuss here basic properties of 
complex oscillating integrals 

e f{x)/z a(x)dx 

and their asymptotics as z — > 0. For simplicity of notation we assume all 
integrals one-dimensional. Generalizations to higher dimensions are straight- 
forward and are left to the reader. 

Let x = be a non-degenerate critical point of the phase function f, i.e. 

f(x) = /(0) — x 2 /2a 2 + ax 3 + /5x 4 + . . . , and let a(x) = a + aix + a 2 x 2 + 

The stationary phase asymptotics of the oscillating integral assumes the form: 

/ e f ^' z a{x)dx ~ V^hTz a e f{a)/z ^A k z k , 

J k>0 

where the coefficients A k are obtained by the following procedure. Make the 
change x = y/z y, and replace a fixed integration interval — m < x < m with 
the infinite interval — oo < y < oo (to which [—^, ^7=] tends as z — > 0): 

/oo 
e -f 2 /2* 2 exp(a v ^y 3 +/3^ 4 +. . . ) {a^+a^z y+a 2 zy 2 + . . .) dy. 
-00 

Expanding the integrand as a power series in yfz and evaluating momenta of 
the Gaussian distribution 



j — ( 



p -y 2 /2a^n , _ f if n is odd, 

y y \ v 7 ^ <x n+1 (^ - 1)!! if n is even, 



we obtain the required asymptotical expansion. Note that the sign of a :— 
V a/— /"(0) depends on the choice of a branch of the square root, but the 
values of the asymptotical coefficients A k do not. In this construction, the 
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amplitude a may depend formally on z. Also, the phase function / and/or the 
amplitude a may depend on additional parameters, in which case the critical 
value /(0), Hessian —c~ 2 , and asymptotical coefficients do too. The following 
(rather obvious) proposition also allows for such parametric dependence. 

Proposition 1. Suppose that the 1-form in the integrand of an oscillat- 
ing integral is the total Lie derivative along a vector field v{x)d/dx. Then 
the stationary phase asymptotics of this integral is trivial- 



Proof. After the change x = ^fz y and series expansion, we arrive at the 
sequence of integrals 



The proposition follows from the (obvious) fact that the zero answer is ob- 
tained by substituting respective values of momenta of the Gaussian distri- 
bution (in lieu of actual integration). Taking v = 1 we obtain: 

Corollary 1 (integration by parts). The following oscillating integrals 
have the same stationary phase asymptotics: 



The following two corollaries follow from their infinitesimal version es- 
tablished by Proposition 1. 

Corollary 2. If a one-parameter family of oscillating integrals is ob- 
tained from each other by the flow of a vector field, then the stationary phase 
asymptotics does not depend on the parameter. 

Corollary 3. Stationary phase asymptotics of an oscillating integral 
does not change under (formal or analytic) change of variables in the integral 
in a neighborhood of the non- degenerate critical point. 

Proposition 2. The asymptotics of the derivative of an oscillating inte- 
gral with respect to a parameter is obtained by differentiating the asymptotics 
of the integral. 

Proof. Let 




/oo . 
d (e-y 2 / 
-oo 



y") = f e 

J —oo 



< 2 /2<x 2 ( ny n-l _ y n+V-2) dy = Q 





k 
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The RHS is obtained by evaluating momenta of Gaussian distributions after 
the change 

x = x cr (e) + y/z cr(e)y, 

where x cr (e) is the non-degenerate critical point of the phase function de- 
pending on the parameter, and 1/cr 2 = f"(x cr (e),e). Applying zd/de to the 
RHS is equivalent to differentiating the integrand termwise after the change 
of variables. On the other hand, we have: 

z-^- J e f/z adx = J e f/z ^^-a + z^j dx. 

Since the RHS has the same phase function as the original integral, the 
asymptotics of the derivative integral is obtained by applying the same oper- 
ations: the change of variables, expansion of the integrand into a series, and 
evaluation of momenta, preceded however by the differentiation of the initial 
integrand. The change (y, e) i— > e),e) transforms into 

d dx d 
de de dx ' 

The difference with d/de is a vector field {dx/de)d/dx (depending on the 
parameter e). Thus the required independence of the asymptotics of the 
order of the operations follows from Proposition 1. 
Corollary. Given an oscillating integral 

I e f(x > €)/z a(x,e)dx ~ v 7 ^ a(e) e fMt) ' t)/zS ^A k (t)z\ 

J k>0 

depending formally on e, and such that f(x,0) has a non-degenerate critical 
point x cr (0), consider it as an oscillating integral with the phase function 
f(x, 0) and the amplitude depending formally on z and /i = e/z: 

Then the asymptotics of the latter oscillating integral coincides with the 
asymptotics of the former one at e = z/i: 

V2^~z a{zfi)e fMz ^ )/z J2 A k{z^)z k . 

k>0 
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Indeed, it suffices to check that for each n > 0, the nth derivatives (<9/<9u) n 
of the two asymptotics coincide at u = 0. This follows by iterative application 
of Proposition 2 to the derivation zd/de = d/d/i. 

4.2. D-modules generated by J-functions. Let C C H be an over- 
ruled Lagrangian cone in a symplectic loop space (TL , fl) , and let J be its 
J-function. Tangent spaces to C vary in a family H 3 t — > T T , where 
J(—z, t) G C is taken for the application point of T T . The J-function satis- 
fies a system of 2nd order PDE: 



where t = T a< Pa is a coordinate system on if. 

Indeed, for any family r — > I(—z, r) G £ transverse to the ruling sub- 
spaces zT r c £, the derivatives <9J(— z, i^/cM 3 form a basis of T r as a <2[z]- 
module, while zdI(—z,T)/dr^ lie in zT T C £. Therefore the 2nd derivatives 
zd 2 I(—z,r)/dr a dT 13 lie in T r and are expressible as linear combinations of 
the basis, i.e. 



where A^p are suitable coefficients polynomial in z. When I is the J-function, 
the LHS lies in zH- : while dl(—z, r)/(9r 7 form a basis of the quotient space 
zH-fH-. Thus the RHS lies in zH~ only if the coefficients A^p do not 
depend on z. 6 

In fact the coefficients F^pij) (and more generally, the values ^4^(0, r)) 
are structure constants of the quantum cup-product •: 



Together with the pairing (•, •), it provides the tangent spaces T T H with the 
structure of a Frobenius algebra. In Gromov-Witten theory, 




dJ(z,r) 
dr"< 



7 




7 



<Pa • 0/3 = Yl F «/3( T )07- 



7 




6 This line of reasoning is due to S. Barannikov [1]. 
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where {0 7 } is the basis of H Poincare-dual to {0 7 }. 

Using the quantum cup-product, we can rewrite the PDE system for the 
J-function in a more invariant form: 

Vt>, w G H, zd v d w J = d v , w J. 

These equations can be considered as defining relations of the D-module 
generated by the J-function. They allow one to represent 2nd derivatives of 
J as linear combinations of first derivatives. Note that vw depends on r. As 
a result, further differentiations of these equations contain terms involving 
derivatives of v • w. However such terms come with an extra z. Arguing 
inductively, we conclude: 

Proposition 3 ([3]). For any v\,...,v m G H, the higher directional 
derivatives (zd Vl ) ■ ■ ■ (zd Vm ) J(z, r) can be expressed as linear combinations 
of 1st derivatives zd^iJ(z,r) with coefficients which are functions of (z,t) 
polynomial in z. Modulo (z), the direction vector of this linear combination 
coincides with the quantum cup-product v\ • ■ ■ ■ • v m , i.e. 

(zd vi ) ■ ■ ■ (zd Vm )J = zd Vl ,..., Vm J + o(z). 



4.3. Action of pseudo-differential symbols on J-functions. We 

describe here in a general form a key argument from the proof of Quantum 
Lefschetz Theorem found in [3]. 

Let (pi, . . . ,p n ) be coordinates on the space H* corresponding to the basis 
(0i, . . . , 4> n ) of H . Let . . . ,p n ) be a polynomial. We consider it as the 

symbol of a differential operator (^(zd^, . . . , zd^) with constant coefficients. 

Lemma . Adjoin a formal parameter v to the ground ring Q, and consider 
the overruled Lagrangian cone C completed in the v-adic topology of Q[[f]]. 
Then 

e^~ zd)/z J(-z,r) G C. 



Proof. Let us assume first that $(0) = 0. According to Proposition 3, the 
action of the high order differential operator Q(zd) on the J-function can be, 
in the quasi-classical approximation, replaced with the action of the 1st order 
operator zd$( p ,) where = . . . , 0„»)1 is the value of $ computed 

in the quantum cohomology algebra. Therefore e u ®( zd ^ z J can be written as 



1 + z/^a 7 (z,r; v)zd^ 



e ud *(p')J(z,r), 
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where the coefficients a 7 reduced modulo any power of v are polynomial in 
z. By Taylor's formula, 

I :=e v8 *WJ(z,T) = J(z,T + v$(p*)). 

The point I(—z, r) lies in C since it is the value of the J-function, only at a 
shifted point. Thus the whole expression is obtained by adding to this value 
a linear combination of the derivatives zd^ a l which lie in zTj(—z, r) C C, so 
that the whole sum lies in C. 

In the case when $(0) 7^ 0, it suffices to add that 

e "*(0)/*J(3 >r ) = J( 2)T + Z/ $(0)) 

due to the string equation zd\ J — J. 

Corollary. The conclusion of the Lemma remains true even if the dif- 
ferential symbol $(p,z,v) is allowed to depend on z and v (provided that 
modulo any power of v it is polynomial in z). 

Remark. In Proposition 3, and hence in the results of 4.3, one can replace 
the J-function by any function r \— > I(—z, r) G C transverse to the ruling 
spaces zT T . 



5 Mirrors 

5.1. Mirrors of toric manifolds. In equivariant Gromov-Witten theory 
of toric manifolds, the mirror of the toric manifold X (see 1.2 for notations) 
is defined as the following oscillating integral 

l(z ae 1 X) = [ c r^<*<+^*<)/> dlnXl A • • • A dlnXN 
V ; ' J dln^e' 1 A • • • Ad\nq K t 



q K e tK 



over suitable cycles in subvarieties of C given by the equations: 

N 

To a fixed point a = (ji, . . . ,Jk) £ X 7 ', one associates a cycle C a of integra- 



tion which is R + in the chart {xj\j ^ a}. On this cycle, the variables x 



3 
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with j G a can be expressed via the above relations in terms of the coordi- 
nates Xj,j a. Put 



l a (z,t,q,\) := I e ^=^ + ^ lnx ^/ z A din 
Jc a ' 



Xj. 



Theorem 3 . Let J(z, r, Q) be the J-function of the base B of the toric 
fibration E — > B with the fiber X . Then 

_ POD 

q- pa / z I a (z, t, q, zd A )J(z, r, Q) = a*I E (z, t, r, q,Q)T\ e (x ~ a ^ l ^' z d lux. 



Proof. As it was mentioned in 1.1, the dependence of the genus-0 descen- 
dant potential on Novikov's variables is governed by divisor equations. They 
can be stated in terms of the cone Cb as follows [3, 7]. Novikov's variables Qi 
represent degrees (of holomorphic curves) which form a basis in Bi2(B,Q). 
Let {pi} denote the dual basis in H 2 (B,Q). The linear operator / i— > pif/z 
lies in the Lie algebra of the twisted loop group and thus defines in the sym- 
plectic loop space (TC, Q) a linear Hamiltonian vector field which we denote 
Pi/ z. Then C B , considered as a family of Lagrangian cones depending on Q, 
is invariant under the flows of the vector fields Qid/dQi — Pi/z. 

The divisor equations give rise to the following symmetries of the J- 
function. Let J(z,t,Q) = J2 d Q d J d (z,t), and p e H 2 (B,Z). Then 

J(z, r + tp, Q) = e pt / z Q D e p(D)t J D (z, r), 

D 

where p{D) is the value of the cohomology class p on the homology class D. 
Thus, we have: 



j 

D j 



Therefore 

l a (z,t,q,zd A )J(z,r,Q) = [ e ^=^ +z9 ^ lnx ^ z J(z,r) A d rflnx 

Jc a ' w a 

f N 

J e^= lXj/z J(z,r + Ajlnxj) /\ ^ dlnxj = 

r N 

YJ d (z,t)Q d / e^fe+Vn^/zTT A 3 (fl)A 



D JCa j=l 
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On the other hand, relations between Xj can be written in a more general 
form: 

WeZ K , (qey^Hxf^, 

j 

since Uj(d) = Yl,i < ^i m ij- The map 7h K 3 d i— > {£/.,• (cf), j G «} G Z K is an 
isomorphism of lattices (this is a necessary condition for the toric variety X 
to be non-singular at the fixed point a). Therefore 



gSIjgQ x il z 



E 



(ge 



{d | Uj(d)>0 Vjea} rijea^^^J^)' IIfga X . 



Uj(d)- 



Furthermore, from Aj = ^iP^rriij — a*Uj (see 2.1), we find: 



e E7=iA,ln^/ 2 = "Q 



AT A" 



j=l i 
N N K 



II II 



x ■ 



n 

ri 



n 

i u=i 

N 



■a*Uj/z 



=n 



n(^) pf/2 , 



n 



P?(D) 



i=l 

A' 



i=l 



Using this we rearrange the integrand to obtain: 

q- pa / z I a (z, t, q, zd A )J(z, r, Q) = e^ 2 £ J D (z, r)Q°( g e t ) pa ( D > x 

^ (ge') d 

Integrating by parts Uj(d) +a*Uj(D) times, and making assumptions about 
the values of z and a*Uj which would guarantee that the integrand vanishes 
at x = and x = oo, we find: 



roc 

TT / e x/z x -a*U j /z-U j {<Ii-a*U j {D)-l ^ 

A*- JO 



e */* x -<**Uj/*-Uj(d)-<* m U j (D)-l dx 



J°° e (x-a*U j lnx)/z dlnx 

(a*Uj + mz) 



U j (d)+a*U j (D) 



nUjya 
m=l 



To complete the proof, substitute this into the previous formula, and compare 
the result with the expression for q*Ie from Section 3: 



a*I E = e pat ' z E 



^(^,r)(Q D g pQ ( D ))gVe pa ( D )* 



D <feZ^ IljGa rim=l ( m2 lT^a llm=l 
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Remark. The assumptions about Kez and Re A., , which guarantee con- 
vergence of the integrals and vanishing of the finite terms that come out of 
integration by parts, may differ for different terms of the series. The theorem 
should be understood therefore as the identity between coefficients of (Q, q)- 
series. In the next corollary about asymptotics of the integrals, convergence 
of the integrals is not required, and according to Corollary 1 of Proposition 
1, integrations by parts does not generate finite terms. 

Corollary . Let I a (z, t, q, A) and T(z, v) denote stationary phase asymp- 
totics of the oscillating integrals X a and e^~ x+v]nx ^ z dhix respectively. 
Then 

q- pa/z l a (z, t, q, zd A )J(z, r, Q) = a*I E (z, t, r, q, Q) J] T(-z, a*Uj). 

Proof. On the LHS, we have 

l a (z,t,q,zd A )J(z,T,Q) = ^2Q D i a (z,t,q,zd A )J D (z,r) 

D 

= J2 Q Dj d(z, r)l a (z, t,q,A + zA(D)), 

D 

since zd Aj Jo = (Aj + zAj(D))Jd due to the divisor equation. The factor 
I a (z, t,q,A + zA(D)) is the stationary phase asymptotics of the integral 

N 



I 



( >- ; ,,,..v: !; , ; , T] 1 '} 1 " A d\n Xj , 

A. A. J I \-idfy 



which depends on the parameters q (as well as t and A). According to 
Corollary of Proposition 2, such asymptotics of a single oscillating integral 
depending on parameters can be replaced with a suitable g-series of asymp- 
totics of oscillating integrals. Following the steps in the proof of Theorem 3 
and applying Corollary 1 of Proposition 1 to justify integration by parts, we 
arrive at the expression on the RHS. 

5.2. The Quantum Riemann Roch theorem. We have: 



A, x ZVZ \V\XYV-V ^ B 2m (Z\>™- 1 

T ^ = i~ eXP {— ^ + ^ 2m(2m-l) U 

Here B 2m are Bernoulli numbers, and the equality follows from the well- 
known asymptotics of the logarithm of the Gamma-function F(v/z). 
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Let L and C tw be the overruled Lagrangian cones respectively: of genus 
Gromov-Witten theory of a target manifold M, and of such a theory twisted 
(in the sense of 2.3) by a line bundle over M with the equivariant 1st Chern 
class v. The cone C lies in the symplectic loop space (H, fl) based on the 
Poincare pairing (a, b) = J M ab, while C tw lies in (H, £l tw ) based on (a, b) tw = 
f M ab/v. The linear map {7i ) VL tw ) — > (H,£l) defined by / i— > f/y/v is a 
symplectomorphism. 

Theorem ([3]). 

5.3. Completing the proof of Theorem 1. We need to show that 
o.*Ie(— z) lies in the overruled Lagrangian cone C a corresponding to the 
genus-0 Gromov-Witten theory of B twisted by the normal bundle N a of 
a(B) C E. Due to the Quantum Riemann-Roch Theorem, it suffices to 
prove that, equivalently, 

n £fcpi) a ./ E (- z ) 

V27T2; 

lies in the overruled Lagrangian cone of the "untwisted" theory. Note that 
in this formula, Novikov's variables still occur in the form Q D q pa<yD ^ to ac- 
count correctly for degrees of curves in a(B) C E considered as curves in E. 
According to Corollary of Theorem 3, the above expression coincides with 

(2nz)- dimNa / 2 q pa/z i a (-z, t, q, -zd A ) ^ Q D J D (-z, r). 

D 

We make the change Q D \— > Q D q~ pa( - D > to restore the absolute meaning of 
Novikov's variables, and apply the divisor equation: 

g P Vz J- QD q -P«{B) M _^ r) = J( _^ T _ pa ln Qf Q) 
D 

Then it remains to show that 

(2nzy dimNa / 2 i a (-z,t,q,-zd A )J(-z,T-P a \nq,Q) G C B . 

Since J(z,t,Q) is the J-function of Cb, this follows from the results of 4.3 
about actions of pseudo-differential symbols on J-functions. 
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